We study resonant CP violation in the Higgsstrahlung process e + e − → H 1,2,3 (Z → e + e − , µ + µ − ) and subsequent decays H 1,2,3 → bb, τ − τ + , in the MSSM with Higgs-sector CP violation induced by radiative corrections. At a high-energy e + e − linear collider, the recoil-mass method enables one to determine the invariant mass of a fermion pair produced by Higgs decays with a precision as good as 1 GeV. Assuming an integrated luminosity of 100 fb −1 , we show that the production lineshape of a coupled system of neutral Higgs bosons decaying into bb quarks is sensitive to the CP-violating parameters. When the Higgs bosons decay into τ − τ + , two CP asymmetries can be defined using the longitudinal and transverse polarizations of the τ leptons. Taking into account the constraints from electric dipole moments, we find that these CP asymmetries can be as large as 80%, in a tri-mixing scenario where all three neutral Higgs states of the MSSM are nearly degenerate and mix significantly.
Introduction
A future e + e − linear collider, such as the projected International Linear Collider (ILC), will have the potential to probe the Standard Model (SM) Higgs sector with higher precision than its predecessors, the Tevatron collider at Fermilab and the Large Hadron Collider (LHC) at CERN. The present direct search limits from the search for Higgsstrahlung [1] at LEP show that the SM Higgs boson should be heavier than about 114 GeV [2] . This lower limit is within the mass range favoured indirectly by precision electroweak measurements [3] . Future refinements of these direct and indirect limits will be very crucial for identifying the underlying structure of the fundamental Higgs sector, within either the SM or some non-minimal model of Higgs physics.
One well-motivated model of physics beyond the SM is the minimal supersymmetric extension of the Standard Model (MSSM) [4] . The MSSM predicts three neutral Higgs states. In the presence of explicit CP-violating sources, such as complex soft squark masses, gaugino masses and trilinear couplings, all the three neutral Higgs bosons mix through CP-violating quantum effects [5] [6] [7] [8] [9] to mass eigenstates, H 1,2,3 , of indefinite CP. In this CPviolating MSSM, one interesting possibility is that the lightest neutral Higgs boson could be considerably lighter than 114 GeV [10, 11] , at moderate values of tan β < ∼ 10, for relatively light charged Higgs-boson masses, M H ± ∼ 130-170 GeV. Alternatively, if tan β > ∼ 40, all three neutral Higgs states H 1,2,3 may have similar masses and strongly mix with each other dynamically, through CP-violating off-diagonal absorptive self-energy effects [12, 13] . Such a scenario was studied in [13] [14] [15] and termed the CP-violating tri-mixing scenario of the MSSM.
The general unconstrained MSSM has dozens of additional CP-violating phases beyond the Kobayashi-Maskawa phase of the SM. These phases appear in complex soft SUSYbreaking mass parameters of sfermions and gauginos and in complex trilinear Yukawa couplings. They have a wealth of phenomenological implications. In particular, they give rise to signatures of CP violation in sparticle production and decay at high-energy colliders [16] [17] [18] , have observable effects on electric dipole moments (EDMs) [19] [20] [21] and Bmeson decays [22, 23] , and might constitute the extra ingredients needed for electroweak baryogenesis [24] .
In this paper we study resonant CP-violating phenomena in the Higgsstrahlung mechanism for producing neutral MSSM Higgs bosons at a high-energy e + e − linear collider. Although our study is performed within the radiative CP-violating framework of the MSSM [5] [6] [7] [8] [9] [25] [26] [27] [28] , the results of our analysis would also be applicable to more general CP-violating two-Higgs-doublet models [29] in which all three neutral Higgs bosons mix strongly. This work extends previous studies of the masses, couplings, production and decays of the mixed-CP neutral Higgs bosons H 1,2,3 , with a view to searches at LEP [10] , the LHC [10, 11, 15, [30] [31] [32] [33] [34] , the ILC [35] , a µ + µ − collider [36] and a γγ collider [14, [37] [38] [39] [40] .
As in our previous works [13] [14] [15] , we present a complete treatment of loop-induced CP violation and Higgs tri-mixing, including off-diagonal absorptive effects in the resummed Higgs-boson propagator matrix [12] .
Higgs-boson production via the Higgsstrahlung process e + e − → H i Z [1] , where the Z boson decays into electron or muon pairs, offers a unique environment for determining the masses and widths of the neutral Higgs bosons by the recoil-mass method [41, 42] . Thanks to the excellent energy and momentum resolution of electrons and muons coming from the Z-boson decay, the recoil mass against the Z boson,
Z , can be reconstructed with a precision as good as 1 GeV. Here s and E Z are the the collider centre-of-mass energy squared and the energy of the Z boson, respectively.
As mentioned above, our focus is on the CP-violating tri-mixing scenario of the MSSM, in which all three neutral Higgs bosons have similar masses and mix strongly with each other. In particular, we examine the production lineshape of the coupled system of neutral Higgs bosons in this tri-mixing scenario. The lineshape for H 1,2,3 →bb decays is sensitive to the CP-violating parameters of the model. Moreover, employing the longitudinal and transverse polarizations of the tau leptons coming from the decays of Higgs bosons, we can measure CP asymmetries which can be as large as 80%, without violating EDM constraints.
The layout of the paper is as follows. In Section 2, we study the Higgsstrahlung process at an e + e − collider and the subsequent Higgs-boson decays, H i → ff with f = b and τ − . We define the individual cross sections that depend on the longitudinal and transverse polarizations of the final fermions. In Section 3, we consider the constraints from the non-observation of an EDM in the Thallium atom on the relevant CP phases in the tri-mixing scenario. In Section 4, we construct two CP asymmetries and present numerical examples for the two final states ff = bb and τ − τ + . Our conclusions are given in Section 5.
The Process e
The general helicity amplitude for the process e Fig. 1 , may be written as
The dominant mechanism contributing to the process
The four-momenta and helicities of the initial electron and positron are denoted by (p 1 , ω) and (p 2 ,ω), respectively, and
We denote the helicities of f andf by σ andσ, and that of the Z boson by λ. Also, σ = +(−) stands for a right-(left)-handed particle and λ = ± and λ = 0 for the transverse (right and left helicities) and longitudinal polarizations, respectively. The four-momentum of the intermediate Higgs boson is denoted by p and those of the final fermions by l 1 and l 2 with p = l 1 + l 2 . Finally, Θ is the angle between p 1 and k where the four-momentum of the Z boson is k = (E Z , k).
In (1), D Z (s) is the s-normalized Breit-Wigner propagator for the Z boson:
and ω; λ Θ and σ f ij describe the reduced amplitudes
where s Θ ≡ sin Θ, c Θ ≡ cos Θ and v e = −1/4 + s 2 W and a e = 1/4. This result is consistent with the one given in [43, 44] . For the definitions of the couplings, the threshold corrections that are enhanced for large values of tan β for f = b , τ , and the full 3×3 propagator matrix D ij (p 2 ), we refer to [13, 45] .
The differential cross-section, after integrating over c Θ , is given by and the transverse-polarization vector
shown.
where N f is the color factor of the final-state fermion: N f = 3 for the b quark and 1 for the τ lepton,
is the SM cross section for the
Higgsstrahlung of an off-shell Higgs boson with mass
the polarization coefficients C f i may conveniently be expressed as follows:
In (4), P L andP L are the longitudinal polarizations of the final fermion f and antifermionf , respectively, whereas P T andP T are the degrees of transverse polarization, with α andᾱ being the azimuthal angles with respect to the f -f production plane. We depict in Fig. 2 the production plane in the Higgs-boson rest frame in the case when f = τ − and the τ leptons decay into charged hadrons h ± and neutrinos, τ
Identifying the polarization analyser for τ ∓ aŝ
whereĥ ∓ denote unit vectors parallel to the h ∓ momenta in the τ ∓ rest frame, we have
where θ ± and ϕ ± are the polar and azimuthal angles of h ± , respectively, in the τ ± rest frame. With this identification, the expression in the curly brackets of (4) becomes
We observe that the polarization coefficients C τ i (p 2 ) can be determined by examining the angular distributions of the charged hadrons coming from the τ -lepton decays;
Finally, for our phenomenological discussion in Section 4, it proves more convenient to define the individual cross sections:
3 The Tri-mixing Scenario and the Thallium EDM
We take the following parameter set for numerical examples in Section 4:
We refer to this scenario as the tri-mixing scenario, since the mass differences between three neutral Higgs bosons are comparable to the decay widths and all the three Higgs bosons mix significantly in the presence of non-vanishing CP phases. In this scenario, the common third generation phase Φ A = Φ At = Φ A b = Φ Aτ and that of the gluino mass parameter Φ 3 are free parameters, which are constrained by the non-observation of EDMs of atoms, molecules, and the neutron [21] . The contributions of the first and second generation phases, e.g. Φ Ae,µ , Φ A d,s etc., to EDMs can be drastically reduced either by making these * In Refs. [46] , the CP-and CPT-odd C phases sufficiently small, or if the first-and second-generation squarks and sleptons are sufficiently heavy. The impact of these phases on the Higgs sector is negligible.
The EDM of the Thallium atom currently provides the best constraint on the MSSM scenarios of our interest. The atomic EDM of 205 Tl get main contributions from two terms [47, 48] :
where d e denotes the electron EDM and C S is the coefficient of a CP-odd electron-nucleon interaction L C S = C Sē iγ 5 eNN † . The dots denote sub-dominant contributions from 6-dimensional tensor and higher-dimensional operators. The experimental 2 − σ bound on the Thallium EDM is [50] :
In the CPsuperH [45] conventions and notations, the coefficient C S is given by
where
The Higgs-boson two-loop contributions to the electron EDM d e are [51] :
d e e 
† Our sign convention for C S follows the one given in [48, 49] .
and the two-loop functions F (τ ), f (τ ), and g(τ ) may be found in Ref. [51] . The ellipses in (18) denote other sub-dominant two-loop contributions to EDM that involve charged Higgs and Higgsino effects [52] .
We note that C S in (15) and (d e /e) H in (18) are calculated at the electroweak (EW) scale, where the responsible effective interactions are generated. In order to calculate the running from the EW scale to the appropriate low-energy scale, the anomalous dimension (matrix) should be considered. We neglect this effect by observing that it can be absorbed in the evaluation of the matrix element
which gives (15) . We use α em = 1/137.
In Fig. 3 , we show the rescaled Thallium EDMd Tl ≡ d Tl × 10 to the bottom-quark Yukawa coupling h b result in a tachyonic sbottom, a complex or negative Higgs mass, a non-perturbative value of the Yukawa coupling |h b | > 2, and/or a failure of the iteration method of calculating the corrections. We note that, in the region |d Tl | < 10, the Thallium EDM constraint can be evaded by assuming cancellations of less than 1 part in 10 between the two-loop contributions considered here and possible oneloop contributions not discussed here. As mentioned above, such cancellations are always possible in a general unconstrained MSSM scenario, where one-loop EDM effects depend on different CP-odd phases related to the first and second generations of squarks and sleptons. In our case, cancellations between the contributions from (d e /e) H and C S are shown in Fig. 3 as dips for specific values of Φ A and Φ 3 in the upper-right and lower-left frames. These are responsible for the narrow region filled with black squares in the upperleft frame in which |d Tl | < 1 e cm. For example, the lower-right frame clearly shows the cancellation between the contributions from (d e /e) q,q and C S when Φ 3 ∼ 220
• and 280
• for Φ A = 60
• , see also the dotted line in the lower-left frame.
In the CP-violating tri-mixing scenarios of the MSSM, the flavour-changing neutral current couplings of the Higgs bosons H 1,2,3 to down-type quarks are considerably enhanced at large values of tan β [22, 53] , i.e. for tan β > ∼ 40. These tan β-enhanced Higgs couplings can give rise to potentially important constraints on the parameters of the CPviolating MSSM, which arise from the non-observation of the Higgs-mediated B-meson decay B s,d → µµ at the Tevatron [54] . However, according to a detailed study [23] , the derived constraints are highly dependent on detailed aspects of flavour physics, and may be relaxed dramatically for certain choices of the soft supersymmetry-breaking mass spectrum that cause cancellations in the unitarity sum over quark flavours. In view of these and other theoretical uncertainties [55] , B s,d → µµ decays do not yet impose significant constraints on the parameter space relevant to this study.
Numerical Examples
For numerical studies, we take √ s = 300 GeV and consider four different combinations of CP phases of (Φ 3 , Φ A ) in the tri-mixing scenario (12) that are chosen to respect the Thallium EDM constraint: 2, 123.7, 125.6; 1.42, 2.95, 1.50) GeV, 118.9, 122.9, 124.6; 1.57, 3.45, 2.60 ) GeV, 118.6, 121.1, 123.5; 2.17, 4.77, 4.45) GeV, 119.0, 119.5, 122.9; 2.57, 5.70, 5.63 ) GeV.
We observe that the three neutral Higgs bosons are almost degenerate with masses around 120 GeV, and large widths comparable to the mass differences. At the CP-conserving point P0, the second lightest Higgs boson H 2 is CP odd and the CP-even H 1 and H 3 have strong two-way mixing. But, in the presence of non-vanishing CP phases, as at points P1, P2 and P3, all the three neutral Higgs bosons mix significantly. The three CP-violating points P1, P2 and P3 are chosen to lie along the narrow region filled with black squares in the upper-left panel of Fig. 3 where the two contributions from (d e /e) H and C S to the Thallium EDM cancel approximately and we have |d Tl | < 1 e cm. Thus, this selection of points complements the information available from low-energy EDM experiments.
Backgrounds
We consider the two final states f = b and f = τ − for the Higgs-boson decays. Therefore, before showing the numerical results for the Higgsstrahlung processes, we first consider the SM background processes e + e − → ffZ with f = b and τ − , omitting the Higgs-mediated diagrams, as seen in Fig. 4 . The background cross sections are evaluated using CompHEP [56] . We show in Fig. 5 
We note that the product of the background cross section and the branching fraction of the Z boson into light leptons is smaller than ∼ 0.03 (0.01) fb/GeV for f = b (τ − ) when √ p 2 > 110 GeV.
CP-Conserving Cross Sections
The differential total cross section can be obtained by summing over the polarizations P andP in (4) . We have dσ
whereσ f 1 is defined as in (11) . We show in Fig. 6 the differential total cross section multiplied by B(Z → l + l − ) when the produced Higgs bosons decay into b quarks: 
The cross sections are significantly larger (0.1-5 fb/GeV) than that of the SM background (< 0.02 fb/GeV) around the peaks. In the CP-conserving case P0, we clearly see two peaks at √ p 2 = 119.2 GeV (H 1 ) and at √ p 2 = 125.6 GeV (H 3 ), see also (20) . However, in the CP-violating cases this two-peak structure becomes less clear as the phase Φ A increases: see the dashed (P1 : Φ A = 30
• ), dotted (P2 : Φ A = 60 • ), and dashed-dotted (P3 : Φ A = 90 • ) lines. This sensitivity of this CP-conserving quantity to the CP-violating phases will be measurable by examining the production lineshape at the ILC. For example, an integrated luminosity larger than ∼ 100 fb −1 would enable a difference of ∼ 0.1 fb/GeV in cross sections to be distinguished easily.
When the produced Higgs bosons decay into τ leptons, we can construct another CP- scenarios have been taken, see (12) and (20) . The solid line is for P0, the dashed line for P1, the dotted line for P2, and the dash-dotted line for P3. The SM background cross section from Fig. 5 is also shown.
conserving cross section in addition to the total cross section, by measuring the transverse polarizations of tau leptons or, equivalently, by examining the polar and azimuthal angle distributions of the charged hadrons coming from the τ -lepton decays:
This is related to the polarization coefficient C (4) and ( 
(left panel) and
The line styles are as in Fig. 6 .
section.
CP-Violating Cross Sections and Asymmetries
When the produced Higgs bosons decay into τ leptons, there are two CP-violating cross sections which are defined using the longitudinal and transverse polarizations of τ leptons:
where ∆σ (4) and (10)]. We define the corresponding longitudinal and transverse CP asymmetries as follows:
We show in Fig. 8 the CP-violating cross sections (left column) and CP asymmetries (right column). The CP-violating cross sections are large enough to be measured, assuming luminosity of > 100 fb −1 , for each choice of the CP-violating phases, and the CP asymmetry can be as large as 80%. Analysis of the production lineshape would enable the cases with different CP-violating phases to be distinguished from each other. Since the CPviolating scenarios chosen respect the low-energy EDM constraints, these examples show that linear-collider measurements are complementary, and large CP-violating effects cannot be excluded a priori.
Conclusions
We have shown that the Higgsstrahlung process e + e − → H 1,2,3 (Z → e + e − , µ + µ − ), with subsequent decays H 1,2,3 → bb, τ − τ + is potentially a useful channel of searching for radiative Higgs-sector CP violation in the MSSM. The recoil-mass method would enable one to measure the invariant mass of a bb or τ − τ + pair produced in Higgs decay with a precision as good as 1 GeV. In tri-mixing scenarios where all three neutral Higgs states of the MSSM are nearly degenerate and mix significantly, this accuracy would enable details of complicated lineshapes to be disentangled. An integrated luminosity of 100 fb −1 would already be sufficient to measure CP-violating parameters via their influences on the production lineshape of a coupled system of neutral Higgs bosons decaying into bb quarks. Measurements of the Higgs bosons decaying into τ − τ + would enable an additional CP-conserving cross section and two CP-violating asymmetries to be defined in terms of the longitudinal and transverse polarizations of the τ leptons.
We find that these CP asymmetries could be as large as 80%, even after taking into account the constraints from the Thallium electric dipole moment, and different CP-violating models compatible with the Thallium data could be distinguished. Thus, measurements of CP violation in Higgsstrahlung at an e + e − linear collider would complement high-precision low-energy measurements, and might provide a signal, even if none is visible in the lowenergy experiments.
Finally, we should stress that the analysis presented in this paper is general and applies equally well to extended CP-violating Higgs sectors with similar phenomenological features. CP violation and its relation to the cosmological baryon asymmetry are among the outstanding questions in possible physics beyond the Standard Model, and measurements of the Higgsstrahlung process could provide a unique window that could shine valuable light on attempts to relate these two puzzles.
